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Active matter has been the object of huge amount of research in recent years for its important
fundamental and applicative properties. In this paper we investigate active suspensions of micro-
swimmers through direct numerical simulation, so that no approximation is made at the continuous
level other than the numerical one. We consider both pusher and puller organisms, with a spherical
or ellipsoidal shape. We analyse the velocity and the characteristic scales for an homogeneous
two-dimensional suspension and the effective viscosity under shear. We bring evidences that the
complex features displayed are related to a spontaneous breaking of the time-reversal symmetry.
We show that chaos is not a key ingredient, whereas a large enough number of interacting particles
and a non-spherical shape are needed to break the symmetry and are therefore at the basis of the
phenomenology. Our numerical study also shows that pullers display some collective motion, though
with different characteristics from pushers.
Introduction Active matter is one of the major
subjects of physical research because of its rele-
vance in medicine, ecology and its possible applica-
tions [2, 30, 31, 36, 49, 52]. In nature, many living
organisms swim through fluids at low Reynolds (Re)
number [47]. A particularly interesting instance of
such low-Reynolds number world is given by a sus-
pension of self-propelled particles, also called swim-
mers [32, 44], which are essential in life-cycle [42]
as well as in bio-engineering [16]. These small ob-
jects can exhibit complex dynamics as a result of
the long-ranged hydrodynamic interactions which
stem from the swimming activity, unfolding large-
scale motion characterised by a various phenomenol-
ogy of patterns, as highlighted in numerous exper-
iments [13, 41, 45, 48, 51, 56]. More specifically,
bacteria may produce mesoscopic patterns of col-
lective motion sometimes called bio-turbulence [14,
35, 54, 57]. In a flow, these bacteria may organize
spatially and under shear they yield the possibility
to increase or decrease the macroscopic viscosity to
values above or below the suspending fluid viscos-
ity, depending on their geometry and type of activ-
ity. To understand the motion of such self-propelled
particles, it has been analysed in numerical mod-
els, which are able to capture salient features of ex-
periments, including hydrodynamic diffusion, large-
scale collective motions and strong density fluctua-
tions [15, 24, 52, 53, 60, 64]. Yet, different level of
approximation either on the interactions or on the
size of the objects are introduced to limit the com-
putational cost, and the precise mechanisms under-
lying the phenomenology remain to be fully under-
stood [7, 19, 55]. In this work, we develop a direct
numerical approach that does not make use of any
approximation other than considering a continuous
medium, and we focus on a striking feature of low-
Re number flows, its reversibility in time [47, 61].
As emphasised in statistical mechanics since Boltz-
mann [5, 9, 20], the relation between microscopic dy-
namics and macroscopic properties hides subtle is-
sues, notably concerning the role of chaos and num-
ber of degrees of freedom [11, 33]. It has been shown
that non-Brownian passive suspensions break the
time-reversal symmetry at the level of single par-
ticles, even though they are governed by reversible
creeping equations [46]. Identifying the mechanisms
underlying breaking of time-reversal symmetry in bi-
ological swimmers and relate that to the macroscopic
turbulent properties is the goal of this letter. In par-
2ticular, we bring evidence of a spontaneous breaking
of the time-reversal symmetry, for which the key in-
gredients are: (i) a number of particles large enough
to trigger important non-linear interactions among
particles; (ii) an elongated shape of the particles. It
is important to underline here that if only the first
condition is fulfilled, a complex “bio-turbulent” be-
haviour with large-scale collective motion is still en-
countered but the system remains reversible in time,
showing no differences between spherical pushers and
pullers and no particular rheological signature.
Theoretical Model We model each micro-
organism as a rigid ellipsoidal or spherical particle
moving in the fluid. The flagella or cilia are not
materialized; we only take into account the resultant
force they exert on the particles and on the fluid.
We deal with two kinds of flagellated swimmers,
“Pushers”, such as Bacillus subtilis or Escherichia
coli, whose flagellar apparatus is localized at
the back of the cell body, and “pullers” such as
Chlamydomonas reinhardtii, which typically propel
themselves through flagella attached at the front
of their cell body that execute a breaststroke-like
motion [52]. In fact, the complex movement of
the locomotion structures (flagellar bundle or cilia)
results in an effective force acting on the fluid in a
zone with non-zero volume, downstream (in the case
of pushers), or upstream (in the case of pullers) of
the organism. The modelled organisms are sketched
in Fig. 1, where the model is presented.
A suspension of concentration φ is modeled by
N swimmers for the sake of simplicity in a two-
dimensional domain Ω = L2. At the initial time
the particles are distributed randomly over the fluid
(without overlapping). The position of the center of
the ith particle is denoted by xi, and by vi and ωi
its translational and angular velocities. We describe
the fluid flow by the Stokes equations :{
−µ∆u+∇p = ff
∇ · u = 0
(1)
where u = (u1, u2) and p are the velocity and pres-
sure field in the fluid. This system is completed
by specific boundary conditions: no-slip boundary
conditions on the boundary ∂Bi of each rigid par-
ticle, and periodic conditions on ∂Ω, if not differ-
ently specified. The forces considered on the fluid
are the forces exerted by the locomotion structure.
Newton’s second law of motion governs the dynam-
ics of the rigid bodies: force and torque balances
are applied on each particle Bi (see supplemen-
tal material for details). The motion of each bac-
terium Bi is then set by its instantaneous veloc-
fB
fP
fB
fP
FIG. 1. Each bacterium is modeled by a rigid body B,
with an associated propulsion force fB, and the action of
the flagellar bundle over the fluid is located inside a fluid
region P which can be deduced from the position of the
rigid body. The propulsion is such that the total force
exerted by the swimmer on the fluid is equal to the total
force of the fluid on the particle. The propulsion force
fB is directed outward from the center of B, parallel to
the semi-major axes of B and P , and has some orienta-
tion angle θ. The two types of swimmers are modeled in
this way: pushers (right panels) push themselves forward
by using flagella set back on the body; pullers (left pan-
els) pull themselves forward as they swim flagella first
and generate the opposite flow field. More details on the
model can be found in supplemental material [10]. Bot-
tom: Swimmer displacements/trajectories in the homo-
geneous bi-periodic flow, after the transient period and
with a volume fraction of φ = 0.3.
ity, u(x, t) = vi(t) + ωi(t) × (x − xi(t)) defined in
Bi, and the dynamics by the differential equations:
x˙i(t) = vi(t), θ˙i(t) = ωi(t). We use random values
for the initial data xi(t = 0) and θi(t = 0). The cou-
pled fluid-particle problem is solved using the finite
element method applied to solve the Stokes problem
in the whole domain Ω, and a penalty method to
3enforce the rigid motion constraint inside the rigid
domain B. Possible numerical overlap between rigid
particles due to the numerical errors must be pre-
vented in order to guarantee robustness of the sim-
ulations. We have extended the numerical method
previously proposed for granular gases [37], where
inelastic collisions between rigid particles are com-
puted. More details on the numerical method are
given in the supplemental material [10].
Numerical results In Fig. 1, we show the tra-
jectories obtained by the simulation of pushers and
pullers with elongated ellipsoidal shape. It is ap-
parent that the dynamics is highly nontrivial in
both cases, being characterised by very irregular dis-
placements which highlight the nonlinear interac-
tion among swimmers which produce a chaotic mo-
tion. Yet, the two configurations show differences
in the collective motion: pushers are able to build
large rolls, as found also experimentally [13], while
pullers appear to be coherent on smaller times, but
are nonetheless found to be able to form collective
rolls, though weaker than pushers, see [10] for a
movie. Swimmers tend therefore to form local in-
homogeneities and to some extent synchronize their
time trajectories, as found also in stochastic mod-
els [50, 62].
To analyse quantitatively this issue, we have inves-
tigated the root mean square velocity of the organ-
isms as displayed in Fig. 2. It shows that the collec-
tive flow speed can be highly increased by hydrody-
namic interactions in moderate to dense suspensions
for both swimmers, and up to one order of magni-
tude for pushers consistent with experimental obser-
vations [58]. Pushers are found to create stronger
collective velocity than pullers, when the solid frac-
tion is higher than few percents and elongated shape
is taken into account. In dilute suspensions, swim-
mers are basically isolated and the dynamics is the
same for all species. The difference reaches a maxi-
mum at a concentration of around 20%, and then de-
creases at higher concentration due to congestion in
dense suspensions, resulting in the close-pack struc-
tural configuration of the rigid micro-swimmers [13].
Remarkably, when the numerical experiment is per-
formed with spheres the difference in the mean ve-
locity is within the numerical errors. Moreover, the
mean velocity of the spheres is situated between el-
lipsoidal pushers and pullers. Looking at the velocity
correlation, we have found that ellipsoidal pushers
exhibit the most important local alignment, which
explains the increase in velocity and larger coher-
ent structures, whose typical length turns out to be
about 0.3L. Spherical pullers and pushers show the
0 0.1 0.2 0.3 0.4 0.5φ0
10
20
30
40
50
U
rm
s
Ell. Pushers
Ell. Pullers
Sph. Pushers
Sph. Pullers
100 200 300 400
Time (arbitrary units)
20
30
40
U
rm
s
Ellipses after t-rev
Spheres after t-rev
Ellipses before t-rev
Spheres before t-rev
FIG. 2. Top: Rms velocity defined as Urms ≡
√
〈U2〉
of the suspension, for pushers and pullers at different
concentration, from dilute to dense suspensions. Both
populations of swimmers have been studied with ellip-
soidal and spherical shape. The velocity of the single
particle is such that Urms ≈ 1. Bottom: We plot the
root-mean-square velocity computed over all particles at
each time-step for a suspension of pushers, both for el-
lipsoidal and spherical particles, for a concentration of
φ = 0.3. At the time t0 = 200 the dynamics is inverted,
which means t→ −t and V→ −V.
same properties, being reversible in time. In all cases
some alignement is found, showing that pullers are
also responsible for some structures even though of
less importance [10]. This differentiation suggests a
time-symmetry breaking due to collective behaviour
since applying the time-reversal operator to pullers
one obtains formally the pusher dynamics and vice-
versa. To highlight the issue, we have made the
following experiment: we start a simulation with a
pusher suspension, and at time t0 we reverse the dy-
namics with a round-off error of 10−16. In principle,
given that the system is reversible, it should retrace
its steps. It turns out that for ellipsoidal shape af-
ter a small amount of time in which the dynamics is
reversed within numerical errors, the system breaks
the time-symmetry, as shown in the Fig.2b. Instead,
for spherical active particles, the forward and back-
ward time-trajectory is practically indistinguishable,
at least from a statistical point of view.
The irregular motion displayed in Fig. 1 suggests
also that swimmers are sensitive to small changes
in the initial conditions, that is they are chaotic in
4the sense of a positive Maximum Lyapunov exponent
(LE) [8, 43]. Since in some cases the macroscopic ir-
reversibility has been related to chaos [39, 40, 46],
we quantify this sensitivity computing the LE λ
for the two species of bacteria for different concen-
trations, both for ellipsoidal and spherical shape.
The LE is computed from the Euclidean distance
between two simulations labelled 1, 0 as ∆(t) =
1
N
√∑N
i=1(x
1
i − x
0
i )
2 + (y1i − y
0
i )
2. The initial differ-
ence between the two simulations is set δx(t = 0) =
10−8 on only one particle, and for chaotic systems,
∆ grows exponentially as |δx| exp(λt). All the cases
are chaotic, except in the dilute regime where parti-
cles do not interact, and it is clear that shape does
not play any role in chaos, as found also for passive
particles [28, 29, 39, 46]. Indeed, for a given concen-
tration we have not measured any difference neither
changing shape neither between puller and pusher.
A dependence on φ is yet found: λ ≈ 0.1 ± 0.01
for φ . 0.2 and λ ≈ 0.3 ± 0.02 for φ & 0.2. Two
mechanisms in principle can lead to such a chaotic
behaviour, the N-body hydrodynamical interactions
and the pair-contact ones. We have nevertheless ver-
ified that our results are insensitive to contacts, as
already shown by the correct reversibility of spher-
ical objects. We also assure a such small time-step
that particles do not reach each other except in very
rare cases. Furthermore, the amplification is almost
the same even without taking into account the con-
tacts, as already shown in sheared suspensions [40].
Hence, long-range hydrodynamic interactions lead to
a chaotic regime, but chaos does not play any role in
the macroscopic irreversibility.
We analyse now some of the rheology characteris-
tics of swimmer suspensions. We focus on the study
of the shear-viscosity in a fluid confined between two
parallel rigid plates with a steady relative shear mo-
tion. In this case one can measure the shear stress,
which is defined as the average force applied by the
fluid on the plates per surface unit in response to
this shear F =
∫
Γ(σ · n) · τ/2Ln where Γ denotes
the surface of the two plates, L denotes the length
of each plate, n is the normal vector Γ pointing out-
ward and τ is the tangential vector on Γ opposed
to the shear flow. Consequently, for a suspension,
an apparent viscosity is defined as µapp(t) = F/γ˙,
where γ˙ denotes the shear rate. Since this value
changes in time due to the evolution of the parti-
cles configuration, one usually considers the effec-
tive viscosity: µeff = limT 7→+∞
1
T
∫ T
0
µapp(t) dt. We
have computed the effective viscosity in active sus-
pensions of pusher- and puller-like swimmers using
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FIG. 3. (a) Evolution with the concentration in a suspen-
sion of ellipsoidal pushers and pullers of the relative effec-
tive viscosity µr = (µ − µpassive)/µpassive, where µpassive
is the effective viscosity of the suspension for non-active
particles. Pushers are indicated by the symbol , and
Pullers by •. Red symbols indicate elongated particles,
while blue-dashed ones are for spherical particles. (b)
Probability density function of orientations in the sim-
ulations of pusher, puller and passive suspensions. The
concentration is φ = 0.15 and the ellipsoidal particles are
of elongation ratio 2.
2D simulations in which shear is imposed through
non-homogenous Dirichlet conditions at walls and
periodic boundary conditions are imposed on the left
and right boundaries. It is well known that the vis-
cosity of a passive suspension of particles is different
from that of the solvent [1, 17, 18], and that shape
of the particles has an effect [6]. We analyse here
the impact of the active (swimming) motion look-
ing at the effective relative viscosity, that is elimi-
nating the rheology signature related to the passive
suspension, see Fig. 3. Beyond the dilute regime,
elongated pusher-like swimmers tend to decrease the
effective viscosity, while pullers increase it [22]. Yet
spherical ones have no relative rheological signature,
spherical active particles behaving like the passive
ones [23, 26, 52]. Furthermore, puller and pushers
act in a symmetrical way with respect to the cor-
responding spherical suspensions, as highlighted by
Fig. 3. As shown in Fig. 3b, physically, the broken
symmetry by elongation translates into a preferen-
tial alignment in the flow at positions which max-
imise (minimise) the effective viscosity for Pullers
5(Pushers). Passive ellipses have preferential align-
ment but symmetrical with respect to the neutral
position. Spheres are not able to break the symmetry
and do not show any preferential alignment. See the
supplemental material for more details. Our study
shows again that, if no other mechanism is added,
elongation is needed to produce an additional rheo-
logical signature, which points out again the link to
spontaneous symmetry breaking by shape.
Conclusions We have reported on numerical ex-
periments of swimmer dynamics obtained without
other approximations than the hydrodynamics, the
fluid-structure interaction being explicitly accounted
for. The simulations are able to reproduce all the
relevant dynamical features. We have shown unam-
biguously that all the features characteristic of the
collective bio-turbulent regime may be related to the
following ingredients: the number of active particles
and the elongation. The former is necessary to trig-
ger interactions between velocities which in turn pro-
voke a chaotic motion. In particular, alignement of
particles are obtained, even without explicit interac-
tion between directions. Elongation allows to spon-
taneously break the symmetry under time-reversal
which explains the observed impact both on mo-
tion and rheology. Interestingly, Pullers are found
to produce ”bio-turbulence”, even though of less en-
tity than pushers. Simplified models and artificial
devices could be based upon these conclusions.
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8SUPPLEMENTAL MATERIAL
MODEL
In this section, we briefly describe the continuous model used. Each swimmer’s body is represented by a
rigid ellipsoid B, to which we associate a dipole of forces, homogeneously distributed inside the rigid body
and inside an elongated ellipsoidal region P in the fluid, placed at a constant distance from the bacterial
body and representing the location of the flagella appendage, see Fig. S4. The propulsion force exerted on
the body of each swimmer i is denoted by FBi , has constant magnitude fP and is directed outward from
the center of Bi, parallel to the majorsemiaxes of Bi and Pi. It has some orientation angle θi, as shown in
Fig. S4(A), and satisfies :
FBi = fPτi =
∫
Bi
fBi dx, with fBi =
fP
|Bi|
τi,
where τi is given by the orientation angle θi. Since each swimmer is force and torque-free, the total force
exerted by the swimmer on the fluid is equal to −FBi , and we can write:
FPi = −fPτi =
∫
Pi
fPi dx, with fPi = −
fP
|Pi|
τi.
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FIG. S4. A) Domain Ω is made of a solid domain B (collection of rigid bodies of the bacteria) and a fluid domain
Ω\B. Denoting by (Bi)i=1,...,N the rigid particles representing the body of the swimmers, strongly included in Ω, and
by B = ∪iBi the whole rigid domain, the suspension has a volume concentration of φ = |B|/|Ω|, where |ω| denotes
the measure of a domain ω . B) Each bacterium is modeled by a rigid body Bi. Its position is characterized by the
coordinates xi = (xi, yi) of its center of mass and its orientation θi. The action of the flagellar bundle over the fluid
is located at a fluid region Pi which can be deduced from the position of the rigid body.
The Reynolds number is typically less than 10−2 [4, 59], therefore inertial effects can be neglected and the
fluid flow is described by the Stokes equations :{
−∇ · σ(u, p) = ff in Ω \ B¯,
∇ · u = 0 in Ω \ B¯,
(S2)
where u and p are the velocity and pressure field in the fluid, and where the stress tensor σ writes
σ = 2µD(u)− p I, where D(u) =
∇u+ (∇u)T
2
since we consider a Newtonian fluid. This system is completed by specific boundary conditions: no-slip
boundary conditions on the boundary ∂Bi of each rigid particle and some Dirichlet or periodic conditions on
9∂Ω. The forces considered on the fluid are the forces exerted by the flagella:
ff =
∑
i=1,...,N
fPiχPi ,
where χPi is the characteristic function associated to the region Pi and χBi is the characteristic function
associated to the particle Bi. Finally, force and torque balance for each body writes:
∫
Bi
ρg +
∫
Bi
fBi −
∫
∂Bi
σ · n = 0 ∀i ∈ {1, ..., N},∫
∂Bi
(x− xi)× σ · n = 0 ∀i ∈ {1, ..., N},
(S3)
where ρ denotes the buoyant density of swimmers, which is positive since these are slightly denser than the
fluid, and g = (0,−g) is gravity.
The motion of each bacterium Bi is then set by its instantaneous velocity:
u(x, t) = vi(t) + ωi(t)× (x− xi(t))
defined on ∂Bi. More precisely, the individual translational velocity is equal to the average velocity:
vi(t) =
1
|∂Bi(t)|
∫
∂Bi
u(t,x) dx, (S4)
and the individual angular velocity is equal to
ωi(t) =
1
|∂Bi(t)|
∫
∂Bi
u(t,x)× (x− xi(t)) dx∫
∂Bi
|x− xi(t)|
2 dx
. (S5)
The swimmers dynamics are then set by the differential equations:
x˙i(t) = vi(t) , θ˙i(t) = ωi(t). (S6)
These introduce a dependency in time into the problem: Stokes equations are steady, but their solution
depends on time because the configuration of the swimmers inside the fluid varies in time.
NUMERICAL SCHEME
The coupled fluid-particle problem is solved using a new specific finite element method applied to solve
the Stokes problem in the whole domain Ω, and a penalty method to enforce the rigid motion constraint
inside the rigid domain B. This method is rigorous in the sense that the numerical solution mathematically
converges to the solution of the fluid-structure problem as the penalty parameter tends to 0. The time
algorithm reads as follows: in a first step, the fluid-particle problem is solved without taking into account the
possible overlapping of the particles (thus defining an a priori velocity of the swimmers), then the projection
of this a priori velocity onto the set of admissible velocities is computed. Finally, the position and orientation
of each swimmer is updated. The position and orientation of each swimmer at time tn+1 are updated by
solving the ODEs (S6) using for instance a second-order Adam-Bashfort method. A brief description of the
schemes are given in the following.
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A fictitious domain approach
The fictitious domain approach we use allows to avoid remeshing. We use a penalty method: the rigid
motion constraint is obtained by relaxing a term in the variational formulation, what amounts to replace
rigid zones by highly viscous ones (see [27, 34, 63]). The mathematical problem is solved in the following
constrained functional spaces:
K∇ =
{
u ∈ H10 (Ω), ∇ · u = 0
}
, KB =
{
u ∈ H10 (Ω), D(u) = 0 a.e. in B
}
.
K∇ is the space of divergence free functions defined on Ω and KB is the space of functions which do not
deform B. The solution to the initial problem, defined on Ω \ B¯, can be extended on the whole domain Ω by
a function in KB: u(x, ·) = vi + ωi × (x− xi) in Bi for every i, and we still denote this extension by u. The
problem in variational form can then be written as the minimization of the functional
J(u) = µ
∫
Ω
|D(u)|2 −
∫
Ω
f · u
on KB ∩K∇, where
f =
N∑
i=1
(
f ib χ
i
b + f
i
p χ
i
p
)
.
The rigid motion constraint is relaxed by introducing the following penalty term in the functional to minimize:∫
B
1
ε
D(u) : D(u),
so that D(u) goes to zero in B when ε goes to zero and u tends to a rigid motion in B. The variational
formulation obtained is: find uǫ ∈ H
1
0 (Ω) and p ∈ L
2
0(Ω) such that
2µ
∫
Ω
D(uǫ) : D(u˜) +
2
ε
∫
B
D(uǫ) : D(u˜)−
∫
Ω
pǫ∇ · u˜ =
∫
Ω
f · u˜, ∀u˜ ∈ H10 (Ω),∫
Ω
q∇ · uǫ = 0, ∀q ∈ L
2
0(Ω),
(S7)
It has been proven in [27, 38] that the penalty method converges linearly in ε.
Contact algorithm
In the present hydrodynamic framework, it is known that contacts are not supposed to happen (see [21, 25]).
Yet in actual simulations, collisions between particles are likely to occur because of the numerical error. The
treatment of possible overlaps is crucial in the case of dense suspensions. To address this issue, we have
extended to wet ellipses the numerical method already proposed for dry spheres [37]. The method consists
of projecting the velocity field onto some convex admissible set depending on the current configuration, so
that particles do not overlap. Since no analytical expression of the minimal distance between two ellipses
is available, an approximation of this distance must be computed at each time, by solving the problem of
searching for the proximal points on a each pair of ellipsoidal particles.
Let us detail the method in the case of spherical particles: we denote by Xn := (xni )i=1,...,N the position of
N particles (more precisely, the position of their gravity centre) at time tn, and by Vˆ
n their a priori velocity.
We define the set
K(Xn) =
{
V ∈ R2N , Dij(X
n) + ∆tGij(X
n) ·V ≥ 0, ∀i < j
}
, (S8)
where
Dij(X
n) =
∣∣xni − xnj ∣∣− 2Rb
11
denotes the signed distance between two spheres Bi and Bj and
Gij(X
n) = ∇Dij(X
n) = (..., 0,−enij, 0, ..., 0, e
n
ij, 0, ...), e
n
ij =
xnj − x
n
i∣∣xnj − xni ∣∣
is the gradient of the distance. In order to avoid overlapping, the following splitting procedure is proposed:
in a first step, we solve the variational problem without taking into account the possible overlapping of the
particles (thus defining an a priori velocity of the spheres), then compute the projection of this a priori
velocity onto the set of admissible velocities defined by (S8). The constrained problem is formulated as a
saddle-point problem, by using the introduction of Lagrange multipliers:{
Find (Vn,Λn) ∈ R2N × R
N(N−1)/2
+ such that
J (Vn, λ) ≤ J (Vn,Λn) ≤ J (V,Λn), ∀(V, λ) ∈ R2N × R
N(N−1)/2
+ ,
with the following functional:
J (V, λ) =
1
2
∣∣∣V − Vˆn∣∣∣2 − ∑
1≤i<j≤N
λij (Dij(X
n) + ∆tGij(X
n) ·V) .
Notice that the number of Lagrange multipliers corresponds to the number of possible contacts. In particular,
if there is no contact between particles i and j, then Λij = 0 and the Lagrange multiplier is not activated;
conversely, if there is a contact between the two spheres, then Λij may be positive and the corresponding
auxiliary field allows the velocity field to satisfy the no-overlapping constraint. The approximate reaction
fields Λn = (Λnij) is the dual component of a solution to the associated saddle-point problem. This problem
is solved by an Uzawa algorithm (see, e.g., [12]).
In the case of ellipsoidal particles, the minimal distance between two ellipses is computed at each time by
solving the problem of searching for the proximal points on a each pair of ellipsoidal particles. This problem
can be defined in the following way : for all i < j, find (xi,xj) ∈ R
2 such that
xni ∈ ∂Bi,
xnj ∈ ∂Bj,
ni · nj = −|nj||nj |,
ni
|ni|
=
xni x
n
j
|xni x
n
j |
,
where ni and nj are respectively the outward normal to ellipse Bi at point x
n
i and the outward normal to
ellipse Bj at point x
n
j . We use a Newton algorithm to numerically solve this problem. The method then
consists of projecting the translational but also the angular velocity onto the set of admissible velocities
associated to the current configuration.
PAIR CORRELATIONS
In the main text, we have shown that active particles are able to generate rolls, related to a coherent
motion. In Fig. S5 we show the pair correlation of the particles, which is the order parameter that measures
the level of coherent directional motion of the velocity field [13]. The field is defined as
g(r) =
〈
v(x, t) · v(x + r, t)
|v(x, t)||v(x + r, t)|
〉
p,t
, (S9)
where 〈〉p,t indicates average over time and over all particles. The pair-correlation points to the local organi-
sation of the system, and indicates that active particles are able to manifest a certain level of coherence up to
a certain integral length. The figure explains the qualitative picture discussed in the main text, as Pushers
shows a higher degree of organisation up to a larger length, about 0.3L, whereas Pullers are less correlated
and only on a smaller scale, about 0.2L. Provided hydrodynamic interactions are effective φ & 0.15, the
effect of the concentration is not strong and clearly negligible for the case of pullers.
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FIG. S5. Two-point particle correlation computed for active ellipsoidal particles. Pushers are in red and Pullers in
black.
RHEOLOGICAL PROPERTIES
The effective viscosity of a suspension of passive spherical particles in a fluid of viscosity µ depends on its
volume fraction φ. In the dilute regime, where φ≪ 1 so that particles do not interact, the effective viscosity
is well described by Einstein’s relation µeff ≈ µ0(1 + αφ), where α is known as Einstein’s coefficient [3] and
depends on the dimension and on the elongation of entities. The linear dependency with respect to volume
fraction is due to the fact that, in this regime, the total effect of the particles on the viscosity is equal to
the sum of individual contributions. Beyond the dilute regime, particles interact and thus simple addition of
contributions is no more valid. Polynomial development of the form: µeff ≈ µ0(1+αφ+βφ
2+ . . . ) is needed.
We have computed the effective viscosity in active suspensions of pusher- and puller-like swimmers using 2D
simulations in which shear is imposed through non homogenous Dirichlet conditions and periodic boundary
conditions are imposed on the left and right boundaries. We have considered concentrations up to little
less than 45% volume fraction. In the main text, we have shown that three ingredients are needed in order
for self-propelled swimmers to produce a rheological signature: propulsion, elongation and hydrodynamic
interactions. The explanation has been already given [22, 52], and our numerical simulations naturally
retrieve these mechanisms. A single active particle (pusher or puller) rotates with the same angular velocity
as a passive particle of same shape, while performing an ellipsoidal trajectory with characteristics depending
on its individual velocity and elongation. The contribution to apparent viscosity due to its activity depends
on the orientation of the force dipole. The contribution of an active particle to apparent viscosity is maximal
when the dipole of propulsion forces is against the flow, and it is minimal when this dipole helps the flow.
But since the time spent by a particle in each orientation is symmetric with respect to the neutral position
(when the dipole is oriented parallel to the walls and apparent viscosity is equal to the passive case), the
contribution to viscosity due to the activity vanishes when averaging over one period. Thus we obtain the
same effective viscosity as in the passive case. In the dilute regime, since effective viscosity is a result of
the sum of contributions of each particle, self-propulsion has no impact on the rheology of the suspension.
Beyond the dilute regime, hydrodynamic interactions disrupt the rotational behavior of individual swimmers.
However, in the absence of a particular alignment of the active particles in the flow, the orientation of the
population remains isotropic when averaging in time, and thus the effective viscosity remains the same as in
the passive case. In the case of spherical active particles, there are no particular alignments and thus the
activity of the particles has no impact on the effective viscosity. This is no longer true when the particles
are elongated. Indeed, Fig. 3 of the main text shows the probability density function (pdf) of particle
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orientations obtained for the simulations with spherical and elongated particles, in the passive and in the
active case. We see that the symmetry with respect to the neutral orientation is broken in the case of active
and elongated particles. Due to interactions with the other particles, the latter tend to align in the flow at an
orientation that maximizes their contribution to apparent viscosity in the case of pullers, and minimizes this
contribution in the case of pushers. Thus effective viscosity is enhanced in the first case, and diminished in
the second case. We have also investigated how the effective viscosity evolves when the ratio between activity
of the micro swimmers and shear rate changes, notably at varying the propulsion activity. For that purpose
we introduce a non-dimensional number that characterizes the shear flow in presence of micro-swimmers :
Φ =
fp
µS , where fp is the magnitude of the propulsion force, µ is the viscosity of the fluid and S the speed
of the plates. As shown in Fig. S6, for low values of the propulsion-shear ratio, the effective viscosity in
pusher (resp. puller) suspensions decreases (resp. increases) in a non-linear way. But above a certain ratio,
the effective viscosity stagnates, which is consistent with what found in the literature [22, 35, 52].
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FIG. S6. Effective viscosity µeff with respect to Φ.
